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Constraint Programming




Shift Scheduling

A shift covers 3-8 hours of work.

Each activity lasts at least one hour.

Breaks and lunches are non-consecutive.

A break/lunch is required when switching activities.

If at least 6 hours of work, two 15-minute breaks and
lunch are required.

If less than 6 hours work, there is exactly one 15-minute
break (and no lunch).



Shift Scheduling

11 Consider the shift of an employee as a word.

Worker 1 -m AAAA ﬂ AAAA n CCCC ﬂ CCCC m-
wor: I O




Shift Scheduling

11 Consider the shift of an employee as a word.

VRN i | aaan 15 [ anaa |1 cocc o] coce LRan |
woner2 I YN ATV TN

1 Use formal languages to generate the word.



Shift Scheduling

S — rest rest | rest rest

— Work Break Work

— PartTime Lunch ParitTime

Work — Activity, .
Activity, — a, Activity, | a,
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Formal Languages

Chomsky Hierarchy

Regular Finite Automaton
Context-Free Push-Down Automaton
Context-Sensitive Linear-Space Turing
Machine

Recursively Enumerable Turing Machine

PSPACE-Complete

Undecidable



Previous Work

Chomsky Hierarchy

Regular Finite Automaton n

The first constraint based on grammars

Regular Membership Constraint
[Pesant 2003 Modelling and Reformulation'03 , CP’04
Beldiceanu et al. CP’04]



Higher Order Grammars

S
1 Why higher order grammars?

01 Finite automaton may have size exponential in n.

Regular Finite Automaton n

C Context-Free Push-Down Automaton n3



Non-constant size grammars

ab"is a regular language!



Non-constant size grammars

a"b" is not a regular language!
However, for filtering the language is really boring:
the first n variables are all ‘a’ and the second are
all ‘b’.

A non-constant size automaton can easily be
constructed to accept this language:



Reordering Languages

When we transform a CSP into a language, we
agree on some



Reordering Languages

When we transform a CSP into a language, we
agree on some ordering of variables.

We can choose this ordering!

For example, a"b" linked with X,,..,X ,Y.,..,Y _could
become (ab)" linked to X,,Y,,X,,Y,,.. XY .

* a
o, 'O

b
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Example

A context-free grammar is a tuple G (X, N, 5, 0):

Y 1(0)8
N:{S, A, B, C}
Transition function 0:
A—
C—o)
Sy —> AC
So = SpS,
Sy — BC
B — AS,



Example

A context-free grammar is a tuple G (X, N, 5, 0):

Y 1(0)8
N:{S, A, B, C}
Transition function 0:
A—
o s S0 SolSo | SoSo | ()
So = SpS,
Sy — BC
B — AS,



Parsing CFGs - CYK

S, — AC
S, — BC
So— S5
B - AS,
A —(
C )

R (N W |

1 2 3 4

D . the set of all non-terminals that can produce the word Wiee Wit 1

1



Parsing CFGs - CYK

S, — AC
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So— S5
B - AS,
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Parsing CFGs - CYK

So—> AC 4
SO—)BC 3
B - AS, 2 So
A — (
C —) 1 A A C C
W ( ( )
1 2 3 4

D . the set of all non-terminals that can produce the word Wiee Wit 1

1



Parsing CFGs - CYK

S, — AC 4
B — AS, 2 So
A —(
C-) 1 A A C C
W ( ( )
1 2 3 4

D . the set of all non-terminals that can produce the word Wiee Wit 1

1



Parsing CFGs - CYK

S, > AC 4 S0
B - AS, 2 So
A —(
C-) 1 A A C C
W ( ( )
1 2 3 4

D . the set of all non-terminals that can produce the word Wiee Wit 1

1



CFGC Filtering

Variables



Phase 1 — Bottom Up
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Phase 2 — Top Down
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CFG Constraint Filtering

Generalized arc-consistency for context-free
grammar constraints can be achieved in time

and space O(n3|0]). [Sellmann CP’06]

AND /OR decomposition. [Quimper and Walsh
CP’07]



CFG Constraint Filtering

Generalized arc-consistency for context-free
grammar constraints can be achieved in time

and space O(n3|0]). [Sellmann CP’06]

AND /OR decomposition. [Quimper and Walsh
CP’07]

Problem: Cubic time per propagation is prohibitive!



Incremental Filtering

Propagation algorithm is called many times on
slightly changing problem:s.

|dea: Reuse parts of old computation

We will reuse the parse graphl



Incremental Filtering

Similar to AC-6 filtering algorithm [Bessiere and
Cordier AAAI'Q3]

Order supports from above and below.

Save only one support (from above and from below)
for each node.

When a support lost, search for replacement after the
lost support wrt ordering.



Incremental Filtering
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Incremental Filtering
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Efficient CFG Constraint Filtering

Theorem [Kadioglu and Sellmann AAAI'O8]

Generalized arc-consistency for

context-free grammar constraints for an entire
sequence of monotonically tightening filtering

problems can be achieved in time O(n® |0|) and
space O(n? [ 0] ).



Efficient CFG Constraint Filtering

Theorem [Kadioglu and Sellmann AAAI'O8]

Generalized arc-consistency for

context-free grammar constraints for an entire
sequence of monotonically tightening filtering

problems can be achieved in time O(n® |0]|) and

space O(n? | 0]).



Handling Backtracks

Incremental algorithm requires a method to restore
back to a previous state.

Store information about removed nodes.

SN
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Handling Backtracks

Incremental algorithm requires a method to restore
back to a previous state.

Store information about removed nodes.

Within a full backtrack search we cannot keep the
claim of quadratic space requirements!

In practice, the additional informationto be
restored is limited.
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Experimental Results

Shift-Scheduling Problem [Quimper and Rousseau
Metaheuristics 2007]

A shift covers 3-8 hours of work.

Each activity lasts at least one hour.

A break/lunch is required when switching activities.

Breaks, lunches, and off-shifts are non-consecutive

Off-shifts are required at the beginning and end of each shift

If at least 6 hours of work, two 15-minute breaks and lunch are
required.

If less than 6 hours work, there is exactly one 15-minute break
(and no lunch).

Upper and lower bounds on the number of workers in each 15-
minute time interval.



Shift Scheduling

[Quimper and Rousseau Metaheuristics 2007]

S — rest rest | rest rest

— WorkBreakWork
— PartTimelunchPariTime

Work — Activity,
Activity, — a; Activity, | a,



Experimental Results

Search-lree Non-Incremental Incremental Speedup
ID |#Act.| #Workers [|#Fails | #Prop’s |#Nodes | Time [sec] | Mem [MB] | Time [sec] | Mem [MB]
1 1 2 136 19 79 12 1.75 24 45
1 3 144 ST7 290 293 38 5.7 s 51
1 4 409 988 284 455 50 8.12 106 56
1.4 1 3 W] 745 191 443 60 9.08 124 46
1.5 1 4 6 598 137 399 50 7.15 104 35
1.6 1 3 6 748 161 487 60 9.1 132 53
1.7 1 o 53311 6282 3471 1948 72 16.13 154 12
1.8 1 2 6 299 99 193 26 3.57 40 54
1.9 1 1 2 144 35 80 16 1.71 18 47
_ 1 7 174471 19319 | 1769 4813 82 2557 176 188
2 2 10 430 63 339 44 71.34 h 49
2 4 24 412 100 355 3£ 1.37 88 48
2 3 30 603 171 496 58 989 106 50
2 o] +4 850 158 713 84 15.14 178 47
2 2 24 363 114 331 3£ 357 a4 92
2 1 16 252 20 220 32 4.93 22 4=
2 7 346 1155 562 900 132 17.97 160 50




Experimental Results

41|

Benchmark Search-Tree Non-Incremental Incremental
ID |#Act.| #Workers [|#Fails | #Prop’s | #Nodes)] Time [sec] | Mem [MB] | Time [sec] | Mem [MB]
T1] 1 1 2 136 19 79 12 1.75 24
1.2 1 3 144 577 290 203 38 57 80
1.3 1 4 409 o838 584 455 50 a.12 106
1.4 1 5 6 749 191 443 60 9.08 124
1.5 1 4 6 598 137 399 50 7.15 104
1.6 1 5 6 748 161 487 60 9.1 132
1.7 1 6 5311 6282 5471 1948 12 16.13 154
1.8 1 2 6 299 99 193 20 3.57 40
1.9 1 1 2 144 35 80 16 1.71 18
1_10 1 7 17447 19319 1769 4813 82 25.57 176
21 2 2 10 430 65 359 44 7.34 a8
2.5 2 4 24 412 100 355 4= 1.37 88
2.6 2 5 30 603 171 494 58 9 89 106
2.7 2 6 44 850 158 713 84 15.14 178
2.8 2 2 24 363 114 331 4= 3.57 a4
29 2 1 16 252 56 220 32 4.93 52
2101 2 7 346 1155 562 200 132 17.97 160




Experimental Results

Benchmark

#Fails | #Prop’s |#Nodes

Search-Lree

Non-Incremental

Tncremental

1.3
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Experimental Results

ID |#Act.| #Workers

Benchmark

Search- Lree
#Fails | #Prop’s |#Nodes

I"":T'i'_'ﬂl-

Time [sec]

Time [sec]

1.1

Pkl [l okl [ood Fed Pl Pl =t b b b ek ek ek b ek ek
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2
144
409

346

136
577
988
749
598
748
6282
299
144
19319
430
412
603
850
363
252
1155

19
290
584
191
137
161
5471
99
35
1769
63
100
171
158
114
56
562

79
293
455
443
399
487
1948
193
80
4813
359
355
496
713
331
220
900

1.75
5.7
8.12
9.08
7.15
9.1
16.13
3.57
1.71
2557
7.34
7.37
9 89
15.14
357
493
17.97




Conclusion

We focus on practical aspects when dealing with
context-free grammars.

Our contribution is a time-and space-efficient filtering
incremental arc consistency algorithm.

Logical combinations with other constraints.

We are looking for other problems that can be
modeled using context-free grammar constraints.
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