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Constraint Programming

Constraint 1

Constraint 2

Constraint 3

Constraint m

Variable 1 – Domain 1  

Variable  2 - Domain 2

Variable 3 – Domain 3

Variable n – Domain n
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Shift Scheduling 
3

 A shift covers 3-8 hours of work.

 Each activity lasts at least one hour.

 Breaks and lunches are non-consecutive.

 A break/lunch is required when switching activities.

 If at least 6 hours of work, two 15-minute breaks and 

lunch are required.

 If less than 6 hours work, there is exactly one 15-minute 

break (and no lunch).

 .....



Shift Scheduling 
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 Consider the shift of an employee as a word.

… RRR AAAA B AAAA L CCCC B CCCC RRR …Worker 1

Worker 2 … RRR AAAA B AAAA RRR …



Shift Scheduling 
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 Consider the shift of an employee as a word.

 Use formal languages to generate the word.

Worker 1

Worker 2 

… RRR AAAA B AAAA L CCCC B CCCC RRR …

… RRR AAAA B AAAA RRR …
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S → rest PartTime rest | rest FullTime rest

PartTime → Work Break Work

FullTime → PartTime Lunch PartTime

Work → Activity1..n  

Activity1 → a1 Activity1 | a1

…..

Shift Scheduling 



Outline
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 Introduction

 Formal Languages

 Context-Free Grammar Constraint Filtering

 Cocke–Younger–Kasami (CYK) Algorithm

 Time-and Space Efficient Filtering

 Experimental Results



Formal Languages
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 Chomsky Hierarchy

Accepted by Parsing

Regular Finite Automaton n

Context-Free Push-Down Automaton n3

Context-Sensitive Linear-Space  Turing 

Machine

PSPACE-Complete

Recursively  Enumerable Turing Machine Undecidable



Previous Work
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 Chomsky Hierarchy

 The first constraint based on grammars

 Regular Membership Constraint

[Pesant 2003 Modelling and Reformulation’03 , CP’04

Beldiceanu et al. CP’04]

Accepted by Parsing

Regular Finite Automaton n



Higher Order Grammars
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 Why higher order grammars? 

 Finite automaton may have size exponential in n.

Accepted by Parsing

Regular Finite Automaton n

Context-Free Push-Down Automaton n3



Non-constant size grammars
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 anbn is not a regular language! 



Non-constant size grammars
12

 anbn is not a regular language! 

 However, for filtering the language is really boring: 

the first n variables are all ‘a’ and the second are 

all ‘b’.

 A non-constant size automaton can easily be 

constructed to accept this language:



Reordering Languages
13

 When we transform a CSP into a language, we 

agree on some ordering of variables.



Reordering Languages
14

 When we transform a CSP into a language, we 

agree on some ordering of variables.

 We can choose this ordering!

 For example, anbn linked with X1,..,Xn, Y1,..,Yn could 

become (ab)n linked to X1,Y1,X2,Y2,..,Xn,Yn.



Outline
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 Constraint Programming Paradigm

 Formal Languages

 Context-Free Grammar Constraint Filtering

 Cocke–Younger–Kasami (CYK) Algorithm

 Time-and Space Efficient Filtering

 Experimental Results



Example
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A context-free grammar is a tuple G (∑, N, S0, δ):

 ∑ : { ( , ) }

 N : {S0, A, B, C}

 Transition function δ: 

 A  ( 

 C  )

 S0  AC

 S0  S0S0

 S0  BC

 B  AS0



Example
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A context-free grammar is a tuple G (∑, N, S0, δ):

 ∑ : { ( , ) }

 N : {S0, A, B, C}

 Transition function δ: 

 A  ( 

 C  )

 S0  AC

 S0  S0S0

 S0  BC

 B  AS0

S0  S0()S0 | S0S0 | ( ) 



Parsing CFGs - CYK
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4

3

2

1

w ( ( ) )

1 2 3 4

S0  AC

S0  BC

S0  S0S0

B   AS0

A   (

C   )

Sij : the set of all non-terminals that can produce the word wi..wi+j-1



Parsing CFGs - CYK
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Sij : the set of all non-terminals that can produce the word wi..wi+j-1

4

3

2

1 A A C C

w ( ( ) )

1 2 3 4

S0  AC

S0  BC

S0  S0S0

B   AS0

A   (

C   )



Parsing CFGs - CYK
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4

3

2 S0

1 A A C C

w ( ( ) )

1 2 3 4

S0  AC

S0  BC

S0  S0S0

B   AS0

A   (

C   )

Sij : the set of all non-terminals that can produce the word wi..wi+j-1



Parsing CFGs - CYK
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4

3 B

2 S0

1 A A C C

w ( ( ) )

1 2 3 4

Sij : the set of all non-terminals that can produce the word wi..wi+j-1

S0  AC

S0  BC

S0  S0S0

B   AS0

A   (

C   )



Parsing CFGs - CYK
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4 S0

3 B

2 S0

1 A A C C

W ( ( ) )

1 2 3 4

Sij : the set of all non-terminals that can produce the word wi..wi+j-1

S0  AC

S0  BC

S0  S0S0

B   AS0

A   (

C   )



CFGC Filtering
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(   ) (   ) (   ) (   )Variables



Phase 1 – Bottom Up 
24

(   ) (   ) (   ) (   )Variables



Phase 2 – Top Down
25

Variables (   ) (   ) (   ) (   )



CFG Constraint Filtering
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 Generalized arc-consistency for context-free 

grammar constraints can be achieved in time 

and space O(n3|δ|). [Sellmann CP’06]

 AND/OR decomposition. [Quimper and Walsh 

CP’07]



CFG Constraint Filtering
27

 Generalized arc-consistency for context-free 

grammar constraints can be achieved in time 

and space O(n3|δ|). [Sellmann CP’06]

 AND/OR decomposition. [Quimper and Walsh 

CP’07]

Problem: Cubic time per propagation is prohibitive!



Incremental Filtering 
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 Propagation algorithm is called many times on 

slightly changing problems.

 Idea: Reuse parts of old computation

 We will reuse the parse graph!



Incremental Filtering
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 Similar to AC-6 filtering algorithm [Bessiere and 

Cordier AAAI’93]

Order supports from above and below.

 Save only one support (from above and from below) 

for each node.

When a support lost, search for replacement after the 

lost support wrt ordering. 



Incremental Filtering
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(  (   ) (   ) )Variables



Incremental Filtering
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(  (   ) ) )Variables



Incremental Filtering
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(  ) (  )Variables



Efficient CFG Constraint Filtering
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 Theorem [Kadıoğlu and Sellmann AAAI’08]

Generalized arc-consistency for

context-free grammar constraints for an entire 

sequence of monotonically tightening filtering 

problems can be achieved in time O(n3 |δ|) and 

space O(n2 |δ|).



Efficient CFG Constraint Filtering
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 Theorem [Kadıoğlu and Sellmann AAAI’08]

Generalized arc-consistency for

context-free grammar constraints for an entire 

sequence of monotonically tightening filtering 

problems can be achieved in time O(n3 |δ|) and 

space O(n2 |δ|).



Handling Backtracks
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 Incremental algorithm requires a method to restore 

back to a previous state.

 Store information about removed nodes.



Handling Backtracks
36

 Incremental algorithm requires a method to restore 

back to a previous state.

 Store information about removed nodes.

 Within a full backtrack search we cannot keep the 

claim of quadratic space requirements!

 In practice, the additional information to be 

restored is limited. 



Outline
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 Constraint Programming Paradigm

 Formal Languages

 Context-Free Grammar Constraint Filtering

 Context-Free Grammar Parsing

 Time-and Space Efficient Filtering

 Experimental Results



Experimental Results
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 Shift-Scheduling Problem [Quimper and Rousseau 
Metaheuristics 2007]

 A shift covers 3-8 hours of work.

 Each activity lasts at least one hour.

 A break/lunch is required when switching activities.

 Breaks, lunches, and off-shifts are non-consecutive

 Off-shifts are required at the beginning and end of each shift

 If at least 6 hours of work, two 15-minute breaks and lunch are 
required.

 If less than 6` hours work, there is exactly one 15-minute break 
(and no lunch).

 Upper and lower bounds on the number of workers in each 15-
minute time interval.
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 [Quimper and Rousseau Metaheuristics 2007]

S → rest PartTime rest | rest FullTime rest

PartTime → WorkBreakWork

FullTime → PartTimeLunchPartTime

Work → Activity1..n  

Activity1 → a1 Activity1 | a1

…..

Shift Scheduling



Experimental Results
40



Experimental Results
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Experimental Results
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Experimental Results
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Conclusion
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 We focus on practical aspects when dealing with 

context-free grammars.

 Our contribution is a time-and space-efficient filtering 

incremental arc consistency algorithm.

 Logical combinations with other constraints.

 We are looking for other problems that can be 

modeled using context-free grammar constraints. 



Thank You 
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Cornflower Library

www.cs.brown.edu/research/cornflower

 Grammar Constraints [Kadıoğlu and Sellmann, Constraints 2010]

 Efficient Context-Free Grammar Constraints [Kadıoğlu and Sellmann 
AAAI 2008]

 Theory of Grammar Constraints [Sellmann CP 2006]
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