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with total expectation less than p’. Hence the tail of the distribution of M, j is exponentially
decreasing. As in Theorem 4.7, we can show that a packet’s head generated at relative time bs
in the h-th interval is delayed bA; steps in its interval of origin only if either |M; »| > I_T’/Al or
|Bs+1.5| + |Bst2,n] + - - | Bsta, | > 1+TPIA1. Again, the probability of either event is e~ A1),
The rest of the analysis of the delay distribution can be carried out as before.

Similarly, the probability that a given queue contains more than ¢ packet heads is shown to
be e~¢19eN) by distinguishing two cases depending on whether the queue has been empty in
the last bglog N steps. The analysis can be easily extended to higher dimensions. Details are
omitted. MW

8 Concluding remarks

1. All our results easily generalize to the case when the arrivals obey a Poisson distribution.
This is because the generating function of a Poisson distribution obeys the inequality

stated in Proposition 3.4 (for a Poisson distribution, it is in fact an equality.)

2. An analogue of Theorem 4.7 is shown in [9] for the ring and the torus when the arrival
rate is less than 49% of network capacity. Whether this can be extended to the case when

the arrival rate is less than 99% of network capacity remains an intriguing open question.

3. An analogue of Theorem 7.1 holds for the N x N torus using a synchronized version of
the farthest-first protocol. We describe this protocol when N is a multiple of b: a packet’s
head moving in increasing order in 7 and j can move at location (¢, j) at time ¢ only when
t is congruent to ¢4 j modulo b. Similar rules apply to packets heading in other directions.
When two packets wish to traverse the same edge, the one heading further in that direction
has priority.

4. We have shown that the ergodic expected delay for the farthest-first protocol on an N—
array and on the ring is asymptotically proportional to a negative power of 1 — p (when
N goes to infinity and, then, p goes to 1), and proved that the expected delay is bounded
by a constant for any greedy protocol as long as p < 1. A drawback of our approach is
that our bound on the expected delay for arbitrary protocols is at least exponential in
1/(1 — p), as p approaches 1. Thus, it seems unlikely that its dependence on p is tight. In
our extended abstract [7], we have obtained slightly better bounds by using a less intuitive
approach and tighter relations betweeen generating functions. How the expected delay
for the farthest-first protocol compares with the expected delay for other protocols is a

question that deserves further investigation.
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Finally, we have arctan ( ﬁ) = arcsin /p.

In the case of the ring, we assume that the arrival rate is ?V—p, with p < 1, and that packets are
routed to their destinations along a shortest path. As in the case of the one dimensional array,
we can calculate the exact expression of the expected delay. To obtain an upper bound on the
delay, we apply Corollary 6.2 by considering only packets going clockwise. We have p < ;lv—p and
E[|A|] € p, and so the expected number of delayed packets per node is at most ;lv_p(:)(llTV - %)
Thus, the upper bound on the expected delay follows from Little’s Law. Moreover, it is not
hard to see that the bound ﬁ — % is equal to the limit of the expected delay on the ring as
N goes to infinity.

The case of the ring under Poisson arrivals follows from Lemma 6.1 and similar calculations.

Finally, if AN tends to 8p as N goes to infinity, the ergodic expected delay tends to ¢'(p)/2 =
L1 N

W=7 2

7 Cut-through routing

In cut-through routing, each packet consists of b flits and moves through the network like a

worm, occupying at most b consecutive nodes.

Theorem 7.1 If the arrival rate of packets in an N x N array is at most 99% of network
capacity, and if packets have length b, then the probability that any particular packet is delayed
bA steps is O(e=2) for some constant c that does not depend on N or on the time at which the
packet was generated or on the origin and destination of the packet or on the protocol. Moreover,
in any window of T steps, the mazimum delay incurred by any packet is O(blogT+blog N) with
high probability, and the mazimum observed queue-size is O(b + bl%é%) with high probability.

Sketch of Proof First note that a necessary condition for stability is that the probability that
a packet is generated is p = 4p/(bN), with p < 1. An arbitrary greedy protocol as defined
in Section 2 can be tranformed into a protocol for cut-through routing as follows: when two
heads of packets wish to traverse the same edge at the same time, ties are broken according
to the original protocol. Otherwise, when two flits of different packets wish to traverse the
same edge at the same time, priority is given to the packet whose head has already traversed
this edge. Thus cut-through routing can be implemented by a greedy protocol. We can use
the same methods as in Section 5 to prove the theorem. The main difference in the proof is
that we analyse the evolution of the system every b steps. For example, in the one dimensional
case, M, p will denote the set of packets whose head had relative time bs at some point while
in the first h intervals, and whose destination is to the right of their origin and in the last
k — h + 1 intervals. Similarly, B; 5 is the set of packets that are generated at relative time
bs—b+4+1,bs—b+2,..., bsin the first h intervals and whose destination is to the right of their
origin and in the last £ —h+1 intervals. The variables B, , and M, j statisfy the same relation

as in Propositions 4.6. As before, B, p, is the sum of independent Bernoulli random variables,
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Theorem 6.3 For the farthest-first protocol on an N-array, the steady-state expected delay
1, 1 1 i ; ; ; -
tends to —5 + 4(1_/))(\/m arcsin(y/p) + 1) as N goes to infinity. On the ring, the steady

state expected delay is upper bounded by and tends to as N goes to infinity. For

1 1
2(1=p)2 = 2
Poisson arrivals on a ring with N = 21+ 1 processors where a packet’s destination is uniformly

distributed among the remaining processors, the steady-state expected delay is

gAML+ 1)/4) = g(A( =1D)/4)
3 :

where X is the arrival rate at a given node, and g(z) = 2?/(1 — z).

Proof Under the farthest-first protocol, packets in the first £ nodes whose destination is to the
right of a node k do not interact with the packets whose destination is in the first £ nodes. So
we can apply Lemma 6.1 to the first set of packets with p = ;1\’; % and A( Y=(1—p+p2)t
to calculate the expected number of delayed packets in the first £ nodes whose destination is to
the right of k. Similarly, we can calculate the expected number of delayed packets in the first
k — 1 nodes whose destination is to the right of k. The difference of these two quantities is the

expected number wy of delayed packets at node k:

(2—kp)
2(1 — kp)(1 — kp + p)

wp = Wip — Wio1p = (k= 1)p%,

where p = Wka By Little’s law, the expected delay per packet is E[Delay] = 21—[)22;1 wy.
An easy calculation shows that wy = ZpMl + O(x7), where
1= 2pz(l —2)

f(x) = 8pa(l — 2y’

(1 —4pa(1— )"

Hence, E[Delay] = fo z)dr + O(+). But

8p/0 m(l_x)2(1—2px(1—m)2dm _ 4p/0 I(l_m)(1_2px(1_m)

1 —4pz(l —2)) 1—4pa(l - I))2
_ P ! .2 2_P(1_y2)
= L0
I 1
-3/ H*mw
— _1_1_ 1 ( arctan +1)
2 \/T —p

The first equality follows by substituting # with 1 —z and taking the average of the two integrals.
The second equality follows by setting y = 2z — 1, and the last one follows from

dy 1 P Yy
2(1 — = arctan .
( p)/(l—p(l—y?))2 p(1—p) ( 1—Py) L=p+py?
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Therefore,

-

Mo1(2) = E[ZIMSI+|As+1|—1XMS¢m] + E[zlAS“lXMS:m]

But the first term is equal to E[z|M8|_1XMS¢@]E(z) by the independence hypothesis, where
A= A,4. Since M\s(z) = E[M:ly s, 29] + Pr[M, = 0], we have

M\5+1(z) — g(z) Ms(z) B Pr[Ms — @]

+ A(z)Pr[M, = 0].

z

When s goes to infinity, M\s converges to ]TJ\, where M is the generating function corresponding
to the steady-state distribution of M, and Pr[M; # 0] goes to E[|A]] by standard queuing

theory, and so

3 (z) = A MEZ AL (4 ppapdce)
Hence N
o i)
) = 0= A

Together with the equaliAty g’(l) = E[|A]], this implies that the ergodic expected value of M
is M\’(l) = E[|A]] + %. Since M, is the disjoint union of the set of packets delayed
at node k at step k4 s and of the set of packets that were generated at relative time s, and
since the expected number of packets generated at relative time s is E[|A[], we conclude that
the steady-state expected number of packets that are delayed at a given step is _ AT he

N 2(1-E[lA[])
second equality follows from A”(1) = Var[|A]] + E[|A]]? — E[|A]]. W

Corollary 6.2 The steady-state expected number of packets delayed at node k s no more than

P

M’W — &, where p 1s the probability that a packet is generated at node k.

Proof Let A, (resp. a) be the set of packets generated in the first £ — 1 nodes (resp. node k).
The expected number of packets delayed at node k is equal to

Var[|[A]]  Var[JA.]] _(E[IAI]_E[IA*I])
2(1=EfAlD) 201 - E[JA.]D) 2 2 7

The second term is equal to p/2. Since the variance of the sum of independent random variables
1s equal to the sum of their variances and since the variance of a Bernoulli random variable is

at most its expectation, we can rewrite the first term as

Var[[A]]  Var[[A]] Var[|A|] — Var[|A.[]
2(1=E[|A[l)  2(1 = E[[A]]) 2(1 — Ef|A.]])
pVar[|A] 4 Varlla]]
2(1 = E[[ADA = E[AD) ~ 2(1 = E[JA.])
pEAL p
= 2(1-E[A]D)?  2(1 - E[A])
P

2(1 - E[jA[)*
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all nodes of the array, the probability that any particular packet is delayed A steps is at most
O(e=°2) for some constant c that does not depend on N or on the time at which the packet
was generated or on the origin or destination of the packet or on the protocol. Moreover, the
mazimum delay incurred by any packet is O(log N) with high probability, and the mazimum
observed queue-size is O(1) with high probability.

Sketch of Proof First, consider the case of a two dimensional array. No delays are incurred in
the rows. At each node of a given column and at each step, the expected number of packets that
arrive to this node and whose destination is in this column is at most 2/N. For a given column,
these arrivals are independent over time. Thus any column can be analysed in a way similar to
the one dimensional array (with the minor difference that two packets may arrive at the same
time; this does not affect the proof since the variables A;; are still the sum of independent
Bernoulli random variables.) This implies that the delay distribution has an exponentially
bounded tail. Tn particular, the maximum delay is O(log N') with high probability. The bound
on the maximum queue-size follows by replacing 7" with 3N in Theorem 4.7. The case of higher

dimensional arrays can be similarly reduced to the proof of Theorem 5.1. W

6 Farthest-first protocol on the linear array and the ring

In this section, we use generating functions to calculate exactly the ergodic expected delay on
the one dimensional array and (as N goes to infinity) on the ring. We also derive a simple
expression for the expected delay on an odd ring under Poisson arrivals. Recall that a packet is

saild to be delayed at a given step if it does not move during this step.

Lemma 6.1 Assume that on each node on an N —array, a packet is generated at each step in
[1, k] with some probabilily independent of time and that ils destination is to the right of k.
Assume that packet arrivals are independent over time, and that E[|A]] = g’(l) < 1, where A is
the set of packets that are generated at each step in the first k nodes. Then the system consisting
of the first k nodes is ergodic and the steady-state expected number of packets in the system that

are delayed at a given step s

2I—E[AN) 20 —EfAl) 2

An(1) Var[[A]  E[4]]

where E”(l) is the second derivative ofg(z) at z = 1.

Proof Throughout this proof, only packets in the first £ nodes will be counted. Let M, be the
set of packets that ever had relative time s, and A, the set of packets generated at relative time

s. By the same proof as Proposition 4.5, we know that

- |Ms|—|—|A5+1|—1 ist;é@,
M| = |Ast1] otherwise.
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account the term |S; ;| when we bound )A(t(zo) in our induction step. Since the generating
function of X; is equal to the product of the generating functions of its components, all we
need to check is that §t7k71(zo) is uniformly bounded in ¢. But |S; j | itself is the sum of two
independent terms, one analogous to |P;;_1| and the other one to |P; ny_;|. By the proof of
Theorem 4.1, the generating functions of these terms, when evaluated at zg, are uniformly
bounded in ¢. Hence §t7k’1(z0) is uniformly bounded in ¢, as desired.

The bounds on the delays and on the queue-sizes are also derived in a similar manner to the
one dimensional case, by changing the definitions in a suitable manner. We will consider only
the packets whose destination row has no smaller index than their origin row. The relative time
of a packet at time ¢ is the difference between ¢ and the distance between the node (1, 1) and the
packet’s current location. Divide the array into « horizontal bands of same size. Let V; 5 ; be the
set of packets that had relative time s at some point while in the first A horizontal bands, and
whose destination is in the last kK — h + 1 horizontal bands and in column /. As in Lemma 4.4,
we show by induction on A that the tail of V; j; is exponentially bounded. Let B; 5 ; be the set
of packets generated at relative time s in the first A bands and whose destination is in the last

k — h + 1 bands. Then
[Vst1,n1l Smax(|Vs pil + | Bsg1,nil = 1 [Vs am1,l + | Bs41,m,1l + | Es al),

where E 5 is the set of packets that had relative time s at some point while in band A (at a
horizontal queue), and whose destination is in column /. We can now apply the same method
as in the previous paragraph. However, in order to get a decay parameter ¢ independent of
N, we need to show an exponential bound on the tail of |E; j;|. Such a bound can be shown
by using the fact that the tails of the delays in each row are exponentially decreasing. More
precisely, for | E; 1] to exceed A, either one of the packets in E » ; was generated before relative
time s — A/5 4 1, or more than A packets were generated between relative time s — A/5 4+ 1
and s. Since the expected number of packets that are generated at a given relative time and
whose destination is in column [ is at most 4, the probability of the second event is e=2) by
Lemma 3.3. We now bound the first event. If a packet generated at relative time s — § 1s at
some horizontal queue at relative time s, it must have been delayed é steps in the row where it
was generated. By Theorem 4.7, the probability of this event is O(e~°%), where ¢ = ¢(p). The
probability that some packet is generated at relative time s — & and becomes an element of F, j ;
is thus at most N2%6_65 /N < 4e=°. Hence the probability of the first event is at most

Of > e =0(*).

§>A/5

By the proof of Proposition 3.2, we conclude that Esyhyz(ec/Q) = O(1). The rest of the proof is

similar to Theorem 4.7. W

Theorem 5.2 In the static case, where each node of a N x N x ---x N array of fivred dimen-

k
ston contains one packet in the beginning and the destinations are uniformly distributed among
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node in the last glog N steps. By Lemma 3.3, the probability of this event is at most
e(B=1-Flogf)4qlog N/N where g = ﬁ. Again, this probability is e~¢10sN)
Hence the probability that the queue-size at a given step and a given node exceeds ¢ is e =108 N) |
As a consequence, in any window of T steps, the maximum delay incurred by any packet

is O(logT + log N) and the maximum observed queue-size is O(1 + lﬂgl) with probability

log N
1-0(7). W

5 Higher dimensional arrays

In this section, we analyse the behavior of greedy routing protocols on higher dimensional arrays.
The class of protocols we consider has been defined in Section 2. First, we analyse the case of
dynamic routing, i.e. when a packet 1s generated at each node and at each step with probability
4p/N. Then we extend the results to the static case where each node contains one packet in the

beginning and no packets are generated at a later time.

Theorem 5.1 If the arrival rate of packets in an N x N X --- x N array of fized dimension s

k
at most 99% of network capacity, then the probability that any particular packet is delayed A

—¢4) for some constant c that does not depend on N or on the time at which the

steps is O(e
packet was generated or on the origin or destination of the packet or on the protocol. Moreover,
in any window of T steps, the mazimum delay incurred by any packet is O(logT + log N) with

high probability, and the mazimum observed queue-size is O(1 + ll%g%) with high probability.

Sketch of Proof For simplicity, consider the case of a two dimensional array. The stability can
be shown by considering the set of packets Qs 1 in the entire network at time ¢ that eventually
want to traverse the directed edge ((k,!), (k+1,!)). Note that the expected size of the set A; ;
of packets that are generated at step ¢ and that eventually want to traverse the directed edge
((k, 1), (k+ 1,1)) is k(N — k)4p/N? < p < 1. We fix | and show by induction on k that the
tail of Q¢ 1 is exponentially decreasing (with a decay parameter depending on N.) We use a
proof similar to the one dimensional case. Indeed, Q)¢ satisfies recurrence relations similar
to those in Proposition 4.2, except that packets in row k& must be taken into account. The
contribution of these packets can be bounded using the stability of row k. More precisely, if
there is a packet at node (k, ) at time ¢ that wants to traverse the directed edge ((k,1), (k+1,1)),
then [Q141 51 = |Q k1l + [At41,k,1] — 1. Otherwise, [Qr41 k1| < Qe k—11] + [Avgr k1l + St k.1l
where Sy 1 1 is the set of packets in row k (at a horizontal queue) at time ¢ that eventually want

to traverse the directed edge ((k,1), (k+ 1,1)). Thus,
|Qeg1,5,0| < max(|Qe kil + [Argr,kil = 1, Qe k-1l + [Argr, k1l + Stk ])-

As in the proof of Theorem 4.1, we recursively apply Lemma 3.5 with ¥; = |Qs 1, Xy =
|Q+ k=1l + |Asy1, 5,0l + |Sekl, 7 = p and Ry = |Asg151] — 1. We need, however, to take into

11
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the origin or destination of the packet or on the protocol. Moreover, in any window of T steps,
the mazimum delay incurred by any packet is O(logT + log N) with high probability, and the

mazimum observed queue-size is O(1 + I%E%) with high probability.

Proof We first show that the tail of the distribution of the delay of a packet in the interval
in which it is generated is exponentially decreasing. Consider a packet generated in the h-
th interval at relative time s, and let W;, 1 < 7 < K — h + 1, be the number of steps it is
delayed in the (h + ¢ — 1)-st interval. If W; > A;, then a packet has to leave each of the
sets My p, Msy1,h, ..., Msya,—1,n by the proof of Proposition 4.5. In other words, |M;ya, n| <
| Mg n| + |Bst1,n| + |Bst2,n| + .- . |Bsta,,n| — A1, as can be easily seen by induction on A;.
This implies that either |M; 5| > 1_TPIA1 or |Bsy1,n| + |Bsta,nl + - |Bsya, nl > 1+TPIA1. By
Lemma 4.4, the probability of the first event is e=A1) On the other Ihand, E[|B; 1] < p' and

B-1\F A1 14,
eﬁﬁ) ,Where[)’:2+—fﬁ>1,

80, by Lemma 3.3, the probability of the second event is at most (
and it 1s also exponentially decreasing in Aj.

Next, we have to show that the tail of the distribution of the delay in the subsequent intervals
is exponentially decreasing. This is not as obvious as it first appears because, when the packet
arrives to a subsequent interval, the distribution of the packets in the system is not necessarily the
same as the ergodic distribution. More precisely, |M,4w, nt+1| and |M; 41| do not necessarily
have the same distribution, even as s goes to infinity. However, since the delay of the packet in
the h-th interval is exponentially decreasing and since the expected number of packets that are
created in the system at each relative time is constant (less than 4), the tail of the distribution
of |Ms 4w, | is exponentially decreasing. Indeed, if |M;1w,| > Asg, then either | M| > As/2 or at
least Ay/2 packets have been created at relative time s+ 1,s+2,..., s+ Wj. The probability of
the first event is e=*¥#2) by Lemma 4.4. For the second event to happen, either W; > A5/10,
or at least Ay/2 packets have been created at relative time s + 1,5+ 2,...,s + Ay/10. The

—$A42) by the argument above. The probability of the second

probability of the first event is e
event is e~(22) by Lemma 3.3. Thus Pr[|M,yw,| > As] = e=¥A2). Hence we can use the
same argument as in the previous paragraph to prove that the tail of W5 is exponentially
decreasing. A similar argument applies to the remaining intervals. This shows that the total
delay is exponentially decreasing. Indeed, the total delay exceeds A only if W; exceeds A/k for
some 1l <i<k—h+1.

Next, we bound the probability that the queue-size at a given step and a given node exceeds

q. This can happen only in the following two cases:

1. The queue at this node was non-empty throughout the last qlog N steps. If the node is
in the A-th interval, this implies that there was a packet in the h-th interval for qlog N
consecutive “relative steps”. By Proposition 4.5 and in the same way we proved that the

tail of W, is exponentially decreasing, the probability of this event is e=$2(¢108N)

2. The queue has been empty at least once during the last qlog N steps. Since the queue-size
can increase by at most one when the queue is non-empty and only if a packet is generated

at the corresponding node, this implies that at least ¢ packets have been generated at this
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greedy, a packet will leave node k at step k + s. By the definition of &, this means that either
the destination of the packet is k& + 1 or that k is the last node in the h-th interval. In both
cases, the packet will not belong to M, 41 5. |

It follows from Proposition 4.5 that the B;p’s satisfy an inequality analogous to those in

Proposition 4.2.

Proposition 4.6 For 1 < h <k and s > —N,
(2) |Miq1,n] < max(|M p| + [Bsgr,n| = 1, [Ms no1] + [Bog,nl),

where M, o = 0.
Proof We distinguish two cases:

1. There is no packet at relative time s in the h-th interval. Then M, C M; r_1, and so
| M, n| < |Ms p_1]. Eq. 2 follows since M,11 5 is contained in the union of the sets M, 5
and By11 p, and so [Mq1 5| < [M p|+ |Bsgi1,nl-

2. There is a packet at relative time s in the h-th interval. In this case, Eq. 2 follows from

Proposition 4.5.
[ |

For each node in the first A intervals, the probability that a packet is generated at this node
at a given step and that its destination is in the last kK — A + 1 intervals is at most %\,ﬁ%
Therefore,

(3) BB, ) < LTIy T

Let 2z =2 —p', 8 = epl(zé_l)/z() and v = epl('zé_l)/(l — 8"). By Egs. 2 and 3, we can apply
Lemma 3.5 with Y, = |M 3|, X; = |[Msp_1]| + |Bst1,pl, ¥ = p/ and Ry = |Bsy1,0] — 1. (A
technical detail: in this case, s can be as small as — N, and Y} is not identically 0, but Y_x is.
The statement of Lemma 3.5 can be modified in an obvious manner to handle this case, without
affecting the conclusion. We will ignore this issue in the rest of the paper.) It follows from an

argument similar to the one in the proof of Theorem 4.1 that

(4) M n(zp) <7,
for 1 < h < k. Hence the tail of the distribution of M, j is exponentially decreasing, with a

parameter depending only on p, and so is the tail of M. This concludes the proof of Lemma 4.4.
[ |

Theorem 4.7 If the arrival rate of packets in a linear N —array is at most 99% of network
capacity, then the probability that any particular packet is delayed A steps is O(e™°2) for some

constant ¢ that does not depend on N or on the time at which the packet was generated or on
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(1)

~—
N\

Figure 1: The farthest-last protocol on a linear array. Both axes have origin 1. Diagonal lines

represent the relative time. Packets have been labeled in increasing order according to the relative
time of their birth. Thus, M_y; = {1,2}, My = {2,3}, My, = {4,5,2}, My = {6,5}, M35 = {5},
My =AT7}.
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Proof This follows easily from Theorem 4.1 and general properties of Markov chains (see, for

example, [8, pages 29-30].) W

4.2 Bounds on the queue-sizes and the delays

The bound on the tails of the queue-sizes that follows from the proof of Theorem 4.1 depends

on N. This is because Lemma 3.5 has been applied N times, and each time the upper bound
on the generating function (evaluated at zg) is multiplied by a constant factor. In order to get
bounds independent of N, we will define the relative time of a packet that will enable us to
divide the set of packets into a constant number of subsets, and analyse one subset at a time.
We will then apply Lemma 3.5 a number of times equal to the number of these subsets, thus
getting bounds on the tails of the queue-sizes independent of N.

If a packet is at node k at step k + s, we say that it has relative time s. Let M, denote the
set of packets which ever had relative time s (see Fig. 1). We observe that the relative time
of a packet cannot decrease in time; a packet’s relative time increases whenever the packet is
delayed at a step. This implies that the set of states of the queues at node & at step k£ + s 1s
independent of the set of packets created at relative time s + 1.

The intuition for the introduction of the notion of relative time is that, while the expected
number of packets at any given time is linear in N, the expected size of M, for any given s is
constant, as shown in the following lemma. Thus we expect to get tighter bounds by analysing

the evolution of packets at a given relative time.

Lemma 4.4 There exists a constant ¢/ = ¢(p) such that, for any step s, the probability that

there are more than U packets in M; is O(e‘clU)‘

Proof For simplicity, assume that « = % divides N. We divide the array into & consecutive
intervals of same size. For 1 < h < &, let M, ; denote the set of packets that had relative time
s at some point while in the first A intervals, and whose destination is in the last k — h + 1
intervals (note that the h-th interval belongs to both sets of intervals. This fact is crucial to our
analysis. In particular, the following proposition would not be valid if the sets of intervals were

not overlapping.)

Proposition 4.5 If there is a packet at relative time s in the h-th interval, then | M4 3| <
| Mg n| + |Bst1.n| — 1, where Byyqp is the set of packets that were generated at relative time
s+ 1 in the first h intervals and whose destination is to the right of their origin and in the last

k — h+ 1 intervals.

Proof By the above discussion, the set M,;, 3 is contained in the disjoint union of the sets
M,y and B,y15. To prove the proposition, we exhibit an element of M, , not belonging to
M1 . Consider the largest k in the h-th interval such that the queue at node k at step k + s

is non-empty. It is clear that any packet in this queue belongs to M, ;. Since the algorithm is
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If |Usx| = 0, then P44 1 is equal to the disjoint union of the sets Py and As4q 5, hence
|Pit1,5| = |Pexl + |At41,5]. On the other hand, Py C P;r_1 in this case since the queue at
node k is empty, and so | Py x| < |Pi g—1|. Thus |Pip1 5| < |Prg—1|+ |Ae41,x], as desired. W

Since E[|As41,5]] < 1, Proposition 4.2 shows that for fixed k, the sequence |P; ;| has a
negative drift when |U; ;| # 0 (the drift here depends on ¢.) Hajek’s result does not seem to
apply here, however. (It applies in the trivial case k = 1 with a = 0 since, when |U; 1] = 0,
|P;,1] = 0. For the same reason, it would have applied for a given k if, somehow, we could show
that |P; ;_1| is uniformly bounded in ¢. But this is generally not the case.) Our strategy is
to show by induction on k& that the tail of the distribution of P; ; is exponentially decreasing,
with a decay parameter depending only on N and on the arrival rate, not on ¢. We do so by
using Proposition 3.1 and exhibiting a real zg > 1 such that Istyk(zo) is bounded by a number
independent of ¢. The intuition behind the proof is that, when |U; x| # 0, the sequence |P; x|
behaves well since it has a negative drift: E[|Pyy1 x| — |Prx| | |Usx] # 0] < 0. If |U; x| = 0, the
sequence |P; ;| behaves well also since |Pyy1 x| < | P p—1]+ |As41,5] in this case, and we know by
the induction hypothesis that the distribution of |P; ;_1| has an exponentially decreasing tail.

We now prove by induction on £ that, for all integers ¢,
(1) Pi(z0) < 9%,

where zg = 2 — p and v = ¥(p) is a constant to be determined later. Eq. 1 holds for £ = 0 since
P, o = 0 by definition. Assume now that it holds for ¥ — 1 and all ¢ > 0. We show that the
conditions of Lemma 3.5 hold for Y; = |P; x|, Xt = |Prp—1| + |As41,8], Rt = |Asy1,5] — 1 and
r = p. Indeed,

N —k <
N =F
The condition Y41 < max(Y; + Ry, X;) follows from Proposition 4.2. Finally, Y; and R; are

4
ElAcsi ] = 3ok

clearly independent.
Let v = e/(*o=1) /(1 — §). Since ]Styk_l(zo) < 4#=1 by the induction hypothesis and since
EH_L]C(ZQ) < e”(*0=1) by Proposition 3.4, )A(t(zo) < AF=1er(0-1)  Thus Lemma 3.5 yields

Pop(zo) < A71erComl/(1—8)
= 7,
as desired.
Hence, the generating function of the maximum queue-size, when evaluated at zg, is upper
bounded by N~V . This is because the generating function of the maximum is upper bounded by

the sum of the generating functions. We conclude the proof of Theorem 4.1 using Proposition 3.1.

Corollary 4.3 For an arbitrary greedy time-independent protocol, the system is ergodic. In

particular, all the queues will empty with probability 1 and in a finite expected number of steps.
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Proof By Proposition 3.4, z}AEt(z) < e"*=1) The two functions e”*~1) and z coincide when
z = 1. On the other hand, the derivative of ¢”(*=1 at z = 1 is r < 1. Since the derivative of
the function z is equal to 1, it follows that e"*=1) < 2 for some z > 1. In fact, an elementary
calculation shows that z satisfies the above inequality. Thus lAEt(zo) <86 < 1. Since zg > 1, we
have zgYt+1 < zoYi+F 4 20Xt Since V; and Ry are independent, the generating function of their
sum is equal to the product of their generating functions. Thus, by taking the expectations of

the two sides of the above equation, it follows that

Yigi(z0) < Yi(zo)Ri(z0) + Xi(20)
< 6Yi(z0) + M.

Since }A/o(zo) = 1< M, it follows by induction on ¢ that }A/t(zo) <M/(1-¢). 1

4 The one dimensional array

We first show that the linear array is stable if the bisection condition is met. Then we establish
bounds on the tails of the delay and the queue-sizes. Nodes are labeled from 1 to N. Throughout

this section, we only consider packets whose destination is to their right.

4.1 Stability

Let A¢ 1, be the set of packets generated at step ¢ in the first k& processors and whose destination is
in the last N — & processors. Since at most one packet per step can traverse the edge (k, k+ 1),
a necessary condition for stability (assuming N > 2) is that E[|4;|] < 1 for all k. Since
E[|A: x]] = ?V—pk%, this is equivalent (when N is even) to p < 1, a condition that we assume

throughout the paper. We show below that this condition is sufficient.

Theorem 4.1 If the arrival rate of packets in a linear N —array is at most 99% of network
capacity, then at any particular step, the probability that the mazimum queue-size exceeds qq is
O(e=?1), where o > 0 and the constant behind O are functions of N and of the arrival rate.

Proof Let P;; be the set of packets located at step ¢ in the first k& processors and whose
destination is in the last N — k processors, and let U; be the packets in P;j located at

processor k at step ¢. The proof is based on the following proposition.

Proposition 4.2 If |U; ;| # 0, then |Piy1 5| = |Peg|+|Asp15|—1. If|Us x| =0, then |Pryq g| <
|Py k—1| + |Aeg1,1|, where Pyo=10.

Proof If |U; x| # 0, then there is at least one packet at node k at step ¢. Since the protocol is
greedy, one of these packets will move to node £+ 1 during step ¢, and therefore will not belong
to Pyj41,5. But, since P;yqp is contained is the disjoint union of the sets P;p and As;pqz, it
follows that |Piy1 x| = |Prg| + |Ae41.5] — 1.
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Proof Since z > 1, we have

Proposition 3.2 IfV is a nonnegative integral random variable is such that Pr[V > v] < e,
for some ¢ > 0, then (7(60/2) is finite.

Proof

c/2 Zpr _Z 62/2 <E —ci cz/2 — c/z

Lemma 3.3 (Chernoff) IfS is the sum of Bernoulli random variables, 3 > 1 and A > E[S],
then
Pr[S > BA] < e(B—1-BlogB)A

Proofs of various versions of the Chernoff bound can be found in, e.g., [1].

Proposition 3.4 If a random variable V is the sum of a finite number of independent Bernoulli
variables, then ‘A/(Z) < PVIE=1) for z > 0.

Proof Since the generating function of the sum of independent random variables is equal to
the product of the generating functions of these variables and since the expectation of the sum
is equal to the sum of expectations, it suffices to prove the proposition when V is a Bernoulli
variable. This is straightforward since Pr[V = 1] = 1 — Pr[V = 0] = E[V] and so ‘A/(Z) =
1 —E[V]+E[V]z <PVIE-D B

Tt is known (see, for example, Hajek [4]) that under general conditions, if a sequence Y; of
random variables is such that E[Y;41 — Y;|Y: > a] < —¢, for some € > 0 and a constant a, then
the tail of Y; is uniformly exponentially decreasing. We show below a version of this result where
a 1s replaced by a random variable X; with an exponentially decreasing tail. Lemma 3.5 will be

applied in later sections in the case where R; is the arrival rate to a system minus 1.

Lemma 3.5 Let R;, t > 0, be a sequence of integral random wvariables such that, for any
t > 0, the random variable Ry + 1 1s the sum of Bernoulli independent random variables, with
E[Ri+1] <r <1 Letzg=2—r. Let Xy and Yy, t > 0, be two sequences of nonnegalive
integral random variables such that Yiy1 < max(Y: + Ry, X3), and Yy is identically 0. Assume
that Yy and Ry are independent. If )A(t(zo) < M for allt > 0, then f/t(zo) < M/(1—=8) for all
t >0, where 6 = e"*0=1) /2.
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study the case of the one-dimensional array under arbitrary protocols. In Section 5, we consider
the case of higher dimensional arrays, and also the static case. In Section 6, we analyse the
expected delay for the farthest-first protocol on the one-dimensional array and on the ring. In

Section 7, we extend some of our results to the case of cut-through routing.

2 Model and definitions

Consider an N x N x --- x N array of fixed dimension k. At the beginning of each step and

at each node, a packekt is generated with probability p = 4p/N and its destination is uniformly
distributed among all nodes of the array. Packet arrivals and packet destinations are mutually
independent over time. A packet generated at the beginning of a step can move during that step.
Edges of the array are bidirectional. At each step, at most one packet can cross a given oriented
edge, and it reaches the other end at the beginning of next step. A packet that is not sent along
an edge it wishes to traverse is stored in a queue along that edge. Packets are routed along
edges of increasing dimension. For example, in the case of arrays of dimension two, packets are
routed first to the right column and then to the right row. The protocol is greedy, that is, a
nonempty queue must send a packet to its neighbor. Unless otherwise specified, the packet to
be sent is chosen according to an arbitrary protocol, but the choice is based only on the state
of the queue when the packet is sent. (The state of a queue consists of the destinations of the
packets it contains together with their order of arrival, and may include any finite information
that the packets hold.) All queues are empty at the beginning. No limit is set on the number
of packets that a queue can hold.

We say that a packet is delayed at a given step if it does not move during this step. The delay
of a packet is the total number of steps during which it does not move. If V' is an integral random
variable and z > 0, we denote by I7(z) =E[Y] = Y72 ___ Pr[V = i]z* the generating function
associated with V. We say that an exponential bound holds on the tail of the distribution of
V if there is a positive constant ¢ such that Pr[V > v] = O(e™ ). Unless otherwise specified,
the constant behind O and the decay parameter ¢ are assumed to be functions of p, and do not

depend on N or on the protocol.

3 Probabilistic lemmas

This section contains some probabilistic results that will be used in later sections. The following
classical results show that, under general conditions, the tail of a distribution is exponentially

bounded if and only if the radius of convergence of its generating function is greater than 1.

Proposition 3.1 If V is a nonnegative integral random wvariable and z > 1 is such that IA/(z)
is finite, then Pr[V > v] < XA/(z)z_“.
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a constant independent of the size of the array. He also showed that the same results hold for

arbitrary protocols if the load is less than a half.

Mitzenmacher [10] established a tight bound (up to a multiplicative constant) on the expected
time that packets spend in the system under the first-in first-out (FIFO) protocol, when the
load is less than 1. His analysis follows the work of Tsitsiklis and Stamoulis [11] who analysed
the problem of dynamic routing on hypercubes and butterflies under the FIFO protocol using
techniques from queuing theory. Dynamic routing on arrays has also been studied in [5] under
a different model, where the transmission times are exponentially distributed with mean one,
instead of being constant. An exact analysis [5] of various parameters of the system is derived
under that model for the FIFO protocol. The expected delay under that model gives an upper
bound on the expected delay under the unit transmission model as was shown (for the FIFO
protocol and a large class of networks) in [6, 11]. However, the bound on the expected delay
in [5, 6, 10] is linear in N (for the FIFO protocol in an N x N array), whereas it is constant
in [9] (for the farthest-first protocol.) Also, the approach in [6, 10, 11] does not seem to yield
any non-trivial bounds on the tails of the distributions of the queue-sizes or on the time packets
spend in system. The problem of dynamic routing on rings under special protocols has also
been studied in [3].

In this paper, we apply successfully generating functions techniques to analyse the problem
of dynamic greedy routing on arrays. Generating functions are a standard tool in probabilistic
analysis [2, 4], but we are not aware of their use in routing problems, except in a few trivial
cases. Our first main result applies to a wide class of greedy algorithms that route along edges
of increasing dimension. We show that, under an arbitrary greedy protocol, if the arrival rate
of packets is at most 99% of network capacity, an exponential bound holds on the tail of the
distribution of the delay. Moreover, in any window of T steps, the maximum queue-size 1is
O(1 + logT/log N) with high probability. TIf the load is fixed and the number of nodes is
sufficiently large, our bound on the expected delay improves upon the bound in [10] for the
FIFO protocol. We extend these results to the case of bit-serial routing, and to the static case.
Our application for bit-serial routing is an additional motivation for studying greedy protocols
other than the farthest-first protocol: whereas the farthest-first protocol does not translate into
a purely greedy protocol for bit-serial routing, other greedy protocols do. Some of the techniques

we use in this part are based on [9].

Second, we calculate the exact value of the ergodic expected delay and queue-sizes under
the farthest-first protocol for the one dimensional array, and for the ring when the arrivals are
Poisson. If the load p < 1 is fixed and the number of nodes goes to infinity, we find that
% as N
goes to infinity. This shows that the behavior of the ring under the farthest-first protocol is

the expected delay on the ring (for either arrival model) converges towards m —

fundamentally different from the behavior of classical queuing systems, where the expected delay

under heavy traffic [8] is asymptotically proportional to 1/(1 — p).

The rest of the paper is organized as follows. In Section 2, we define the model more precisely.

In Section 3, we give some probabilistic lemmas to be used in later sections. In Section 4, we
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Abstract

We study the problem of dynamic routing on arrays. We prove that a large class of greedy
algorithms perform very well on average. In the dynamic case, when the arrival rate of packets
inan N x N array is at most 99% of network capacity, we establish an exponential bound on the
tail of the delay distribution. Moreover, we show that, in any window of T steps, the maximum
queue-size is O(1 + logT/log N) with high probability. We extend these results to the case
of bit-serial routing, and to the static case. We also calculate the exact value of the ergodic
expected delay and queue-sizes under the farthest-first protocol for the one dimensional array,

and for the ring when the arrivals are Poisson.

1 Introduction

Many parallel machines, such as the MPP, Ametek and Intel Touchstone are configured as
a low-dimensional array containing a large number of processors. These machines generally
route packets using simple greedy algorithms. While these algorithms tend to behave well
experimentally, their analysis from the theoretical point of view can be challenging.

In this paper, we analyse rigorously the problem of dynamic routing on arrays for a large
class of greedy protocols. At each step and at each node, a packet is generated with a fixed
probability and its destination is uniformly distributed among all nodes of the network. Packets
are routed along edges of increasing dimension. This model has been considered by Leighton [9]
with the additional assumption that packets with the furthest destination are routed first. Under
this assumption he showed that, if the bisection width condition is met, the system is stable.
Moreover, the tails of the distributions of the delay (i.e. number of steps a packet does not

move) and of the queue-sizes at each node are exponentially decreasing, with mean bounded by
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