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choice(and(L = []) : true,
and(L = [I|L1]) 11y : sublist( L1, [a, s,1]),
and(L = [a|L1]){q1y : sublist(L1,[s, t]),
and(L = [s|L1])zqy @ sublist(L1, [t]),
and(L = [t|L1])zqy : sublist(L1,[])))zy

The solutions that have been found for the suffix/2 goal give rise to different alter-
natives in the choice-box. At this stage, different alternatives have to be tried for
the choice-box. This will eventually lead to a Cartesian product of the alternatives
in the two choice-boxes. When the combinations that fail have been removed, the
new configuration is as follows.

Or(an&(ﬁ =Dy
or(:;nd(L = [a|L1], sublist( L1, [t, s]), sublist( L1, [s,1])) (1,11}
or(and(L = [t|L1],sublist( L1, [s]),sublist(L1,[]))r,r1}»
and(L = [s|L1],sublist(L1, []),sublist(L1,[t]))¢z,r1}))))

We now have one solved and-box, with the solution I = [], and one failed and-
box, which had assumed that L would start with ¢. Execution will now continue
within each of the unsolved and-boxes, replacing them with or-trees analogous to
the one above, but we will stop here, hopefully having illustrated the idea of an
AKL computation.

13 Related Work

Vijay Saraswat has over a number of years been studying languages similar to AKL, a
study culminating in the family of concurrent constraint languages [15, 16], and a lot
of inspiration for AKL comes from his work, including the view of constraints, and his
programming techniques for concurrent languages with don’t know nondeterminism.

A major difference is that our control specifies when to promote don’t know
nondeterminism, which makes programming substantially easier. Also, we empha-
size fully interleaved execution in a language with deep guards. However, AKL is
definitely a concurrent constraint language in its spirit.

14 Discussion

We presented a formal transformational semantics for AKL. The semantics is trans-
formational since it describes the final results of a computation (as a set of abstract
trees), and there is no notion of interaction with the environment.

The semantics given treats and-boxes seen at the outermost level as black boxes
until the box either succeeds, fails or suspends. This notion is not sufficient. In
particular, reactive AKL programs, which do not exhibit top-level don’t know non-
determinism, need a more refined notion where actions in an and-box can affect its
environment, i.e. some sort of a reactive semantics, and a notion of observational
equivalence based on it.

Other more important issues—like eflicient implementation, on both single- and
multi-processor architectures, and programming methodology—have the highest pri-
ority, and our effort is currently devoted to them [11].
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12 An AKL Example

In this example, also used in [10] and [5], we illustrate both the incremental growth
of or-trees, as exploited in the operational semantics in the previous section, and
how the notion of local execution in guards makes it possible to write elegant search-
programs. It is a program that finds common sublists of two lists. We start with a
Prolog program for the same task.

sublist([], [])-
sublist([X|L], [X|L1]) :- sublist(L, L1).
sublist(L, [X|L1]) :- sublist(L, L1).

?7- sublist(L, [c,a,t,s]), sublist(L, [l,a,s,t]).

This program will repeat the execution of the second goal for each solution of the
first goal. However, the second goal could be evaluated in advance, and this work
could then be reused for the solutions of the first. But, this is not a good solution.
The second goal has a large number of solutions, many of which are completely
irrelevant. Clearly, there is a trade-off between the drawback of repeating work, and
the drawback of wasting work.

However, it is reasonably safe to execute each goal locally until the first point
at which the execution for this goal could fail in an interesting way. This happens
when the first element of a sublist is generated. To achieve this effect, the above
definition is transformed into the following.

sublist([], Y).
sublist([E|X], Y) :- suffix([E|Z], Y) : sublist(X, Z).

suffix(X, X).
suffix(X, [Z]Y]) :- suffix(X, Y).

Let us start with the initial goal
and(sublist(L,[c,a,t,s]),sublist(L,[l, a, s,t])) (17

The sublist goals are first unfolded into choice-boxes.

and(choice(and (L = []) : true,
and(L = [E|L1],suffix([F|Z],[c,a,t,5])) (g 11,7} : sublist(L1, 7)),
choice(and(L = []) : true,
and(L = [F|L1],suffix([£| 7], [l,a,s,t])){ELLZ} s sublist( L1, Z))){L}

The and-boxes preceding the wait operators “:” will now execute locally, finding all

solutions. Without getting into the details of the computation model it should be
intuitive that after a while the following configuration is reached.

and(choice(and (L = []) : true,
and(L = [¢[L1]) 11y : sublist( L1, [a, 1, 5]),
and(L = [a|L1])(z1y : sublist(L1, [, s]),
and(L = [t|L1])¢zqy : sublist(L1, [s]),
and(L = [s|L1]);zqy : sublist(L1,[])),



Let (P, <) be an poset (partially ordered set). A directed setin P is a subset D
of P such that

Va,be D3ce Dja<ec AN b<c]
An ideal 5 is a directed set which is downward closed, i.e. such that
Vae S[b<a=beSs]

The set of ideals of P, ordered by set inclusion, we will denote by (/d(P),C). It
is well known that it is a Complete Partial Order (i.e. it has a minimum, and
each non-empty set of elements admits a least upper bound) and it contains a sub-
CPO isomorphic to (P, <). (Id(P), Q) is called completion by ideals of (P, <). The
elements of the subset isomorphic to (P, <) will be denoted by the corresponding
elements of P.

Definition 11.3 (The Domain of Interpretation) Our domain of interpreta-
tion is the complete partial order (T%, <) (the domain of finite and infinite or trees),
which is the completion by ideals of the poset (T,<). The least upper bound of a
directed subset D € T will be denoted by UD.

Definition 11.4 (Operational Semantics) The operational semantics of a pro-
gram is a function O:1Goal — P(7"), where 1Goal is the set of all initial goals and
P(T%) is the set of all the subsets of T¥. O is defined as follows.

O(P) = {L;0'(P):i€{0,1,2,..},P= Py, P, -~ Py}
true
Note that the environment of the whole configuration is always empty. O':Goal —
TY is defined as follows:
¢ ('(deadlock) = deadlock.
o O'(fail) = fail.
o O'(or(G,G")) = or(O'(G),0(G")).

o O'(and(R)y) = { AV.o(R) if R=C, and C is satisfiable

L otherwise
Note that, if
P, A p A
true true o

then {O'(P;)}i>o is a chain. Therefore (since a chain is a particular case of directed
set), the definition of O is correct.

The rules for suspension cover all the cases in which the computation rules are
not applicable, excepting the or-boxes. Namely, a configuration is final only if it
is of one of the following forms: fail, deadlock, an and-box of the form Cy, or
an or-box containing only final configurations. This means that the semantics of
a configuration is always a set maximal objects (possibly infinite) in 7% (i.e., the
leaves are not labeled by L).
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11 Operational Semantics

We now present the definition of the operational semantics of AKL in set-theoretic
terms. Intuitively, the operational semantics of a program is defined by the semantics
of the initial goals, of the form and(R)Var(R), that can be run under that program,
and the semantics of an initial goal consists of the set of all the possible collections
of answers that can be obtained by running it.

In general, all the answers that are delivered under certain particular nondetermi-
nate choices are collected in a goal expression with nested or-boxes at the top-level.
The or-boxes form a tree-structure, with the intermediate nodes labeled by or and
the leaves are labeled and-boxes. The and-boxes not of the form Cy correspond to
computations that have not yet terminated, and we can define the semantics as the
limit of the or-trees obtained along a certain computation (transition) chain. This
limit can, in general, be an infinite tree, as the computation can deliver an infinite
set of answers. All the information about the result of a computation is preserved
in the semantic structure, and it leaves space for further abstractions.

Indeed, different implementations may lead to different notions of observables.
For instance, we may imagine a situation similar to Prolog, in which the answers are
presented in the order they are collected by the usual depth-first strategy. A loop
along one branch will cause the unobservability of the answers possibly generated
at the right of that branch. To model this, we can abstract from our semantics
the sequence of answers obtained by collecting left-to-right the leaves of the tree
corresponding to a successfully terminated computation. The sequence ends when
we get in correspondence of a nonterminating and-box.

Another possibility is to collect in parallel all the answers generated, without
any restriction on the order in which they appear. To model this we can abstract
from our semantics the set of the leaves corresponding to successfully terminated
computations.

Definition 11.1 The set T (the set of or trees) is the minimal set that satisfies the
following conditions:

o lcT

o fail, deadlock € T

o if 0 is satisfiable then V.0 € T
o ift,t' €T thenor(t,t') e T
The set 7 is ordered as follows

Definition 11.2 The relation < is the minimal ordering relation on T that satisfies
the following conditions

e VieT. 1<t

o Vit u, ' € T.(t<unt <u)Dor(t,t) <or(u,u)

13



e A nondeterminate transition is admissible if it obeys the restrictions defined
in the previous section.

GG
if ndcond(G,6,U)

6U

¢ An admissible transition of a stable box can be propagated to outer goals.

a A o
onr UuW

Cl6] = 1)

if T = env(C[])

This completes the description of the AKL transition system. We now proceed to
characterize the notion of deadlock.

10 Suspension Rules

For the semantic characterization, we also want to identify deadlocked goals. The
following rules describe deadlock, and the propagation of deadlock from the inner
goals to the outer ones. Admissible computations are extended accordingly.

Deadlock

A goal not of the form Cy deadlocks whenever it is stable and there is no available
nondeterminate transition.

G ;"‘7 deadlock if stable(G) and -3G/(G % G

Choice-Boxes

If the the guard operator is | or :, then a choice-box deadlocks whenever all the
branches become deadlocked.

Gy 2 deadlock, ..., G, -~ deadlock
U U

y if %e {|,:}
choice(Gy % Ay,...,G, % Ay) pors deadlock

If the the guard operator is !, then a choice-box deadlocks whenever the first branch
becomes deadlocked.

G D, deadlock
6U

choice(G' ! A4,...) ;D? deadlock

And-Boxes

An and-box deadlocks whenever all the internal local goals deadlock.

Gy :D? deadlock, . .., G, :D? deadlock LT8R a(Gre G

and(Gy,...,Gn)y 9—% deadlock Uv=wuv

12



9.1 Nondeterminacy and Stability

The BAM strategy of performing determinate goals in preference to nondeterminate
goals translates to a necessary condition for nondeterminate transitions, viz. that
no determinate transitions are applicable to the and-box.

AKL, with its “deep” computations, needs a more elaborate condition. Non-
determinate transitions are to be admissible only if determinate transitions cannot
become possible as a result of extending the environment of constraints and vari-
ables. Thus, the condition does not depend on transitions in the (implicit) context
of the goal, and in more intuitive terms we can say that the condition is not time-
dependent.

A goal (G is stable relative to an environment 8 and V iff

i) no determinate (D) transition is applicable to G in this environment, and

ii) no satisfiable extension of the environment can lead to a goal in which a
determinate (D) transition is applicable to G.

More formally, the property stable(G,0,V) is defined as follows.

stable((,0,V) = ~3G'IUIF(V U U nvar(G) =0 A G 2 @&
onT VU

Where we by 7(W) mean a constraint only containing variables in W.

We will now proceed to state the precise conditions on nondeterminate pro-
motion. In addition to stability, we require that the transition should be on the
innermost stable candidate for nondeterminate promotion in the following sense.

ndeond(G,6,V) =
stable(G, 8, V)A
=3C3X [G=C[X]ANX # G ANenv(C[]) = 1 Astable(X,0 A 7,V U U)A
N

Ix(x ox1)
onT VU

Additional conditions may be imposed on nondeterminate promotion, stipulating
e.g. that nondeterminate promotion must be applied with respect to the leftmost
possible solved guard, or that it must be applied to an innermost eligible candi-
date within the stable box. Such further restrictions will not be considered in this
presentation.

In an implementation of AKL one will need to replace the abstract definition of
stability by a more managable sufficient condition for stability. For the standard
constraint system of finite trees (often called Herbrand) such a condition is simple
both to define and implement [11].

9.2 Admissible Computations

The AKL computation model is defined by the following transition system (based on
the previous one). The transition relations are labelled by A and describe admissible
transitions.

e A determinate transition is always admissible

a2
oU

a A
oU

11



o var(o)) =1

(
o var(p(e1,...,7,)) =0

o var(or(Gy,Gy)) = var(Gy) U var(Gy)

o var(and(Gy,...,Gy)v) =V Uvar(Gy) U+~ Uvar(G,,)
o var(choice(G1, ..., Gy)) = var(G1) U - - - U var(Gy)

o var(G % A) = var(G)

The rule can now be stated as

G G _
T W if T—O/\O'(R,S)
and(R, G, S)y —— and(R, G, S)y W = UUvar(and(R, 5)v)

9 Control of the Computation Model

A sequence of applications of the transition rules described in the previous section
constitutes an unrestricted derivation or computation of the extended model. AKL
computations are restricted in a manner to be described in this section. The control
of AKL was motivated (and described informally) in [10].

To formalize this restriction, we will need two more concepts: that of a context,
which is a goal with a “hole”, and that of an environment of a context, which is the
environment of constraints and variables of the hole.

The symbol [ | denotes the hole, and the expression C[ ] denotes a context. We
define contexts inductively as follows.

e []is a context.

o if C[ ]is a context then or(G,C] |), or(C[ ],G), and(R,C] ],5)v, and

choice(R,(C[]% A),S) are contexts.

The expression C[G] denotes the goal obtained by substituting a goal G for [ ] in
cll

The next definition formalizes the notion of environment of a context. We define
a function env(C[ ]) = @y, which returns the environment of constraints # and

variables V" of the hole of C].
(1) = truey
o env(or(G,C[])) = env(or(C[],G)) = env(C[])

o env(and(R,C[], $)v) = (8 A (R, S))wov, where 8y = env(C[])
o env(choice(R, (C[] % A), S) = env(C[]).

10



Commit Promotion
choice(R,Cy | A,5) ;D? choice(Cy | A)

if R or S is non-empty and C'y is satisfiable and quiet (as above).

Nondeterminate Promotion

and (T}, choice(R,Cy : A, 5), T2)w ;N?

or(and(7y,C, A, T5)vuw,and(1y, choice( R, S), T5)w)
if R or S is non-empty.

Guard Distribution
choice(R,or(G,G") % A, T) ;D? choice(R,G % A,G" % A, T)

8 Structural Rules

The following rules allow us to derive the transitions of goals depending on the
transitions that can be made by the components of the goals.
Or-Boxes

Any transition made by a goal inside an or-box is propagated to the parent box.

[emiyey
oU

or(R,G) Em? or(R,G’)

or(G, R) Em? or(G', R)

Choice-Boxes

Any transition made by a goal inside a choice-box is propagated to the parent box.

G =
oU

choice(R,G % A, S5) ;m? choice(R,G" % A, 5)

And-Boxes

Any transition made by a goal inside an and-box, models the fact that the envi-
ronment of the goal consists of the environment and the constraint of the parent
and-box.

This rule is restrained by the condition that the new local variables introduced
in a transition of a subgoal must be disjoint from the variables of the other sub-
goals. This will ensure that all the local variables of different components are always
disjoint, thus avoiding clashes of variables. We therefore introduce the notion of
variables local to a goal var(G).



2. ois quiet w.r.t. § and V iff TC =60 > 3V (o A F).

The symbol true is used to denote a variable-free atomic formula for which it holds
that TC |= true. No further assumptions concerning the properties of TC will be
made.

For a sequence R of goals, o( R) denotes the conjunction of the constraint atoms
in the sequence, or true if there are no constraint atoms in R.

7 Computation Rules
Local Forking
If Ais a program atom then

A % choice(and(Gy)y, % Ay,...,and(G,)v, % An)

where H - G; % A; (¢ =1,...,n) is the sequence of clauses defining the predicate
of A, with the arguments of A substituted for the head parameters, and the local
parameters of the i:th clause replaced by the variables in a “renaming” set V;, for
which V;nU = 0.

The structural rules of the transition system will guarantee that the new variables
V; are different from the variables of the global configuration.
Environment Synchronization

D .
and(R)v yon fail

if o(R) A 6 is unsatisfiable.

Failure Propagation

and(R, fail, §)y ;D? fail

Choice Elimination

choice( R, fail % A, 5) ;D? choice(R, 5)
Determinate Promotion
and(R, choice(Cy % A), S)w ;D? and(R,C, A, S)vuw

if o(C') is satisfiable, and in case % is cut or commit is also quiet w.r.t. # A o(R,S5)

and V.

Cut Promotion
choice(R,Cyv ! A,5) ;D? choice(R,Cy ! A)

if S is non-empty and Cy is satisfiable and quiet (as above).



grammar.

== and((non-empty sequence of local goals>)<set of variables)
== (atom) | (choice-box)
choice((sequence of guarded goals))

(global goal){guard operator)(seq. of atoms)

(local goal
(choice-box

(or-bozx) = or((sequence of global goals))
(global goal) ::= (and-box) | (or-box)
(open goal) ::= (global goal) | (local goal)
{(goal (open goal) | (guarded goal)

The guarded goals in a choice-box have the same guard operator.

We let Goal denote the set of expressions generated by (goal). In the following,
the letters R, S, and T stand for sequences of goals, A for a sequence of atoms
(occasionally a single atom), and C' for a sequence of constraint atoms. Any of
these may stand for the empty sequence. The letter G (occasionally X ) will be used
for goals, and for the guard in a guarded clause. Concatenation of sequences of
goals will be written using comma, which is not likely to be confused with the use
of comma for separating arguments. The letters V, W, and U stand for finite sets
of variables.

The symbol fail will be used to denote the empty or-box and the empty choice-
box, regarded as collapsing to the same object.

The set of variables attached to an and-box contains the variables local to that
box, introduced in local forking or in defining an initial goal, as described below.
This information is necessary to deal with execution and suspension of the constraint
operations. An and-box of the form and(C)y will normally be written as Cy.

In a guarded goal, the goal preceding the guard operator is the guard of the goal.
The atoms following the guard operator are not regarded as goals, but become such
when one of the promotion rules defined in Section 7 is applied to the goal.

The AKL transition system to be defined is a pair (Conf,—), where Conf =
GoalU{deadlock}, and — is a class of transition relations on Conf. The statement

G ;m? G’ means that it is possible to make a transition from G to G’ in the mode

m. The subscripts 8 and U are called the environment of constraints and variables
of the transition. The letters D, N, and A, stand for determinate, nondeterminate,
and admissible mode, respectively. Constraints are discussed in the next section.

6 Constraints

Constraints will be regarded as formulas in some constraint language. The only
constraint formulas that occur in goals are atomic constraints. The letters o, 7, and
f will be used for conjunctions of such constraints.

In the following, do stands for the existential closure of o, and IV, where V is
the set {z1,...,2,}, for (any permutation of) the quantifier sequence Jz; - --3Ja,,.
We allow V' to be empty, in which case 3V is mere decoration.

We assume given some complete and consistent constraint theory TC defining
the following logical properties of constraints:

1. o is satisfiable ifft TC = o,



general concurrent language—AKL. The computation model is defined in terms of
a transition system.

First, we will present a set of computation rules and structural rules that de-
fine the various (determinate and nondeterminate) computation steps that can be
performed. Then we discuss the issue of how the control of BAM generalises to the
new setting, giving us the notion of stability. This allows us to define the precise
control of AKL as the admissible computation steps.

Having defined the computation model, we then define the set-theoretic oper-
ational semantics. This semantics will characterize computations in terms of their
“results”. A computation can either succeed, deadlock, or be non-terminating, and
the nondeterminate steps will produce an or-tree of computations, all of which may
have different results. We choose to identify deadlocked computations in terms of
additional computation rules, called suspension rules.

In the following sections we will define the syntax of clauses and goals (Section
5), present our view of constraints (Section 6), define the computation rules (Section
7), define the structural rules (Section 8), make precise the control (Section 9), define
the suspension rules (Section 10), and define the operational semantics (Section 11).
Finally, we show an example AKL program (Section 12).

5 The Syntax of Clauses and Goals

A program atom is an atomic formula of the form p(z1,...,z,) with different vari-
ables x1,...,x,, called head parameters. A constraint atom is any atomic formula.
More about constraints in Section 6. It is assumed that these two classes of atomic
formulas are disjoint. The remaining syntactic categories pertaining to programs
are the following.

head) - {guard){guard operator)(body)

) {
(head) == (program atom)

(guard) = (non-empty sequence of atoms)
(atom) == (program atom) | (constraint atom)
(body) = (sequence of atoms)

)

P (wait, cut, commit)
A definition is a finite sequence of guarded clauses with the same head atom and the
same guard operator, defining the predicate of the head atom. We will speak of wait-
definitions, cut-definitions, and commit-definitions. Cut and commit are the pruning
guard operators. A program is a finite set of definitions where no two definitions
define the same predicate, and the predicate of every program atom occurring in a
clause in the program has a definition in the program. The local parameters of a
clause are those variables that are not head parameters.

The symbol ‘%’ below stands for any of the guard operators.

The execution of an AKL program will be represented as a series of transitions
between goal expressions. The syntax of these expressions is defined by the following



goal at_most_one(Vy, ..., V,,) has to be satisfied. For each column and row, the
goal at_least_one(Vy, ..., V,) has to be satisfied.

Note that when information is propagated, this will affect other goals, making
them determinate. This will often lead to new propagation. One such case is
illustrated below.

1 0 0 0
0 0 Vi Vg

0 Vuo Vu3 0

The above grid represents the board, and in each square is written the variable
representing it, or its value if it has one. We will now trace the steps leading to the
above state. Initially, all variables are unbound, and all the goals for solving the
queens problem have been created. Let us now assume that the topmost leftmost
variable (V1) is given the value 1. It appears in the row V17 to Vg4, in the column
Vi1 to V4, and in the diagonal Vi1 to Vg. Each of these is governed by an
at_most_one goal. By giving one variable the value 1, the others will be given the
value 0.

A second case of propagation is the following, where V15 and Vg4 are assumed
to contain queens, and propagation of the above kind has taken place.

0O 1 0 o0
0O 0 0 1
V1 0 0 O
Vi 0 Vuz 0

Here we examine the propagation that this state will give rise to. Notice that in row
3, all variables but Vs3; have been given the value 0. This triggers the at_least_one
goal governing this row, giving the last variable the value 1, which in turn gives the
variables in the same row, column, or diagonal (only V41) the value 0. Finally, V43
is given the value 1 by reasoning as above.

The above program is a fairly good solution. The programs usually written
for constraint logic programming languages with finite domain constraints do not
exploit the fact that both rows and columns should contain exactly one queen [19].
A very good solution can be obtained if all the xcell/3 and ycell/3 goals are ordered
so that those governing variables closer to the center of the board come before those
governing variables further out. If at some step alternative clauses have to be tried
for a goal, values will be guessed for variables at the center first. This happens to be
a good heuristic for the N-queens problem, even better than the first fail principle
which is usually employed.

In this section we tried to give the flavor of the style of problem solving that is
made available by BAM, and therefore by AKL. The (simple) mapping of definite
clause programs to AKL to achieve the effect of BAM is outside the scope of this
paper; these details can be found in [10].

4 The Extended Computation Model

We will now proceed to define the extended computation model, which takes ad-
vantage of the principles underlying the BAM to control nondeterminacy in a more



xcell/3 goals and ycell/3 goals are determinate if the first argument is known, or if
the second two arguments are known to be different.

In the N-queens problem, the basic constraint is that there may be at most
one queen along each row, column, and diagonal. Given that N queens are to be
placed on an N by N board, a derived constraint is that there must be exactly one
queen along each row and column. Note that the “exactly one” constraint can be
decomposed into an “at least one” and an “at most one” constraint.

We represent each square on the board as a variable V with the possible values 0
(meaning that there is no queen on the square) or 1 (meaning that there is a queen
on the square). For a sequence of squares Vi to V,, we can now express that at
most one of these squares is 1 using the xcell/3 goal as follows.

?7- xcell(Vy, N, 1),
xcell(Vg, N, 2),

xcell(V,,, N, n).

If more than one V; is 1, the variable N will be unified with two different numbers,
and the goal will fail. Let us simply call the above goal at_most_one(Vy, ..., V,),
thus avoiding the overhead of having to write a program to create it. For a sequence
of squares V1 to V,;, we can express that at least one of these squares is 1 using the
ycell/3 goal as follows.

7- 5S¢ = true,
ycell(Vl, So, Sl),
yCGH(VQ, Sl, Sz),

yeell(V,,, Sp—1, Sn),
S, = false.

Only if all the squares are 0, ‘true’ will be unified with ‘false’, and the goal will fail.
This goal we call at_least_one(Vy, ..., V,).

An at_most_one/n goal will clearly only have solutions where at most one square
is given the value 1. This is true in AKL as well as in Prolog, but in AKL it can
do more than that. If one of the V; is given the value 1, its associated xcell/3 goal
becomes determinate, and can therefore be reduced. When it is reduced, N is given
the value i, and the other xcell/3 goals become determinate, and can be reduced.
When they are reduced, their first arguments are given the value 0.

Similarly, if in an at_least_one/n goal all squares but one are given the value 0,
then their associated ycell/3 goals become determinate. When they are reduced,
their second and third arguments are unified. When only one ycell/3 goal remains,
its second argument will be ‘true’ and its third argument will be ‘false’, and it will
therefore be determinate. When it is reduced, its first argument will be given the
value 1.

Thus, not only will these goals avoid the undesirable cases, but they will also
detect cases where information can be propagated. When no goal is determinate, and
therefore no information can be propagated, alternative assignments for variables
will be tried by trying alternative clauses for the xcell/3 and ycell/3 goals.

A solution to the N-queens problem can now be expressed as follows. For each
column, row, and diagonal, consisting of a sequence of variables Vq, ..., V., the



The BAM model divides a computation into determinate and nondeterminate
phases. First, all atomic goals for which it is known that at most one clause would
succeed are reduced using a single clause during the determinate phase. (These
goals can be reduced in arbitrary order, and also in and-parallel.) Then, when no
such goal is left, some goal is chosen, typically the leftmost, for which all clauses
are tried; this is called the nondeterminate phase. The computation then proceeds
with a determinate phase on each or-branch.

An atomic goal is said to be determinate when there is at most one candidate
clause that can succeed for the goal. Whenever it becomes known that an atomic
goal is determinate, the goal can either be reduced, if a single clause would apply,
or it can fail, if it is known that no clause would apply. It is not considered to be an
error if the mechanism for detecting the determinacy of goals fails to detect that a
goal is determinate. In general, nothing less than complete execution will establish
this property.

The BAM model has a number of interesting properties.

First, the BAM allows determinate goals to be run in and-parallel, extracting
implicit and-parallelism from the program.

Second, the notion of determinacy in the BAM gives a reasonably strong form
of synchronization. As long as a goal is able to produce data deterministically, no
consumer of this data is allowed to run ahead (if it does not know what to consume).
This allows specification of concurrent processes.

Third, the BAM reduces the search space by executing the determinate goals
first. Goals can fail early, and the constraints produced by a reduction can reduce
the number of alternatives for other goals. This has been proved to be very relevant
for the coding of constraint satisfaction problems [12, 17, 2, 7, 21], and this we will
try to show in the next section.

3 An Andorra Example

Although it is not the main purpose of this paper to present programming techniques
in AKL, we still feel that we should argue for our choice of language by showing
an elegant AKL program, also used in [5], which exploits the BAM for efficient
constraint satisfaction. We have attempted to make this section self-contained for
readers with some prior acquaintance with logic programming.

The N-queens problem is how to place N queens on an N by N board in such
a way that no queen threatens any other. The problem is very well-known, and
we will not present a new algorithm. The novelty lies in the way the algorithm is
expressed. Let us therefore first familiarize ourselves with some particulars of AKL,
especially how the notion of determinacy is employed.

Consider the following two predicates, which will be the building blocks in our
N-queens program.

xcell(1, N, N).
xcell(0, _, _).

yeell(1, _, ).
yeell(0, S, S).



The control principles of BAM make possible a simple combination of don’t know
nondeterministic search and communicating processes, simply by always performing
deterministic work first. In addition to the potential for or-parallel execution of
search as in Prolog [13, 1], BAM provides a potential for and-parallel execution,
similar to that of concurrent logic languages such as GHC and Parlog. In many
Prolog programs, both of these forms of parallelism can be exploited to a high
degree [3].

The concurrent constraint framework is a foundation for various kinds of work
on concurrent languages. We have adopted the basic notions related to constraints,
such as satisfiability and entailment, somewhat generalising their use in AKL.

By dealing explicitly with concurrency, AKI becomes a true concurrent pro-
gramming language, rather than a parallelizable sequential language, while still
providing the powerful problem solving capability given by don’t know nondeter-
minism. Through the refined control scheme, AKL is a considerable improvement
over Prolog in this regard. This capability will be exemplified in Section 3 and in
Section 12. These examples were chosen because they illustrate those aspects of the
language that are peculiar to AKL. In addition, AKL provides the programming
paradigms of Prolog, the committed-choice language, and the concurrent constraint
languages, of which of which there are many illustrations in the literature.

The basic notions of AKL are conjunction (corresponding to parallel composi-
tion) and guarded clauses (corresponding to guarded statements). There are three
forms of guarded clauses, corresponding to three forms of selection. Clauses guarded
by the cut operator correspond to if-then-else conditionals. Clauses guarded by the
commit operator correspond to the original guarded statements, with their don’t
care nondeterministic choice. Clauses guarded by the wait operator provide don’t
know nondeterministic selection, where each alternative can be tried in separate
“worlds”.

Admittedly, the understanding of this exposition would benefit from prior ac-
quaintance with AKL as given in [10]. However we have tried to make the paper
reasonably self contained, within the space allotted. In particular, we have tried
to make the exposition “juicier” by showing examples of AKL programs, although
they do not as such contribute to the presentation of AKL semantics.

This paper is a thoroughly revised version of [9], which was based on the Kernel
Andorra Prolog framework, from which AKL is derived.

2 The Basic Andorra Model

As a preliminary, we define the Basic Andorra Model (BAM) for pure definite
clauses. It demonstrates an essential feature of the AKL control, namely that of
giving priority to deterministic computation over nondeterministic computation.

We will henceforth use the terms determinate and nondeterminate, instead of
deterministic and nondeterministic. A computation step which is determinate does
not involve guessing, e.g. of alternative clauses in a reduction step, although there
might still be a nondeterministic choice between several alternative determinate
steps. A computation step which is nondeterminate involves guessing (with the
intention to explore all alternatives if necessary), although the choice of which step
to perform might be quite deterministic.
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Abstract

The Andorra Kernel Language (AKL) is a concurrent constraint programming
language. It can be seen as a general combination of logic programming lan-
guages such as Prolog, GHC, and Parlog, the first of which provides don’t know
nondeterminism, and the last two of which are concurrent logic programming
languages. The constraint system is an independent parameter of the language
description.

In this paper, we revisit the description of Janson and Haridi [10], adding
the formal machinery which is necessary in order to completely formalize the
control of the computation model. To this we add a formal description of the
transformational semantics of AKL. The semantics is a set of or-trees which
also captures infinite computations.

1 Introduction

The Andorra Kernel Language (AKL) is a general combination of search-orien-
ted don’t know nondeterministic logic programming languages, such as Prolog, and
process-oriented concurrent logic programming languages, such as GHC, Parlog, and
others [18, 6, 14, 16]. For an introduction to the language from this perspective, see
[10]. For a treatment from a logical point of view, see [4].

Obviously, AKL is biased towards symbolic processing, by heritage, by providing
don’t know nondeterminism, and by the central role of constraints, but our goal
for AKL is that it should also be useful as a general purpose concurrent language
for shared memory multi-processor architectures. These aspects are emphasized
elsewhere, where we show that AKL is potentially a concurrent object-oriented
language par excellence [8].

AKL has one half of its roots in the Basic Andorra Model (BAM) for definite
clause programs, proposed by Warren [20, 7], and the other half in the concurrent
constraint framework developed by Saraswat [16].
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